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Abstract. Thiswork deals with the scattering of a plane harmonic elastic wave by a penetrable spherical scatterer
with a concentric spherical penetrable inclusion. We evaluate the zeroth and first-order approximations of the
Rayleigh expansion of the displacement fields. The magjor line of applications belongs to the science of the
particulate composite material. So, as an application of the method, a typical particulate composite material is
examined and the behaviour of the scattering cross section with respect to the elastic properties of the medium is
presented.

1. Introduction

The problem of scattering of a plane harmonic elastic wave by an obstacle appears as an
exterior boundary-value problem for the time-reduced Navier equation with specific boundary
conditions on the surface of the obstacle and prescribed asymptotic form in the neighborhood
of infinity.

The general theory of elastic wave propagation is very well exposed by Kupradze[1]. The
scattering of alongitudinal wave by a sphere was investigated for the first time by Ying and
Truell [2]. Einspruch, Witterholt and Truell [3] have also solved the corresponding problem
for transverseincidence. For the low-frequency region results are presentedin [4]. A posteriori
boundsto the error and estimates of the effects of changing the material constants and shape
of the scatterer are described by Jones[5].

The scattering problem when the scatterer is a shell, is a rather complicated problem to
be solved analytically. This is because one must apply the boundary conditions on a set of
surfaces. The low-frequency theory for a penetrable elastic scatterer with an impenetrable
coreis presented in [6].

In this paper we examine the scattering by a penetrable elastic spherical scatterer with a
concentric spherical penetrable corein the low-frequency region. More precisely, the purpose
of this paper is to exploit the low-frequency scattering theory which is presented in [7] in
order to evaluate the zeroth and first-order approximations of the Rayleigh expansion for the
displacement fields. With the knowledge of these two terms we have enough information
about the dynamic elastic fields.

The solution of this scattering problem, obtained for the low-frequency region, can be
exploited in applications of the science of composite materials. A composite material can
be considered as a homogeneous, isotropic elastic medium containing spherical inclusions.
The modeling of these materials is of considerable engineering importance because other
mechanical properties can be obtained from an analysis of their structure. By understanding
the microscopic structure of a composite material we can extract general conclusions about
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their mechanical properties. So, the solution of the above-described scattering problem can
be exploited in order to evaluate, with the aid of certain energy methods, the dynamic elastic
moduli of the material [8,9]. For this reason the zeroth and first-order approximations of
the displacement fields, as well as the scattering cross-section for real elastic materials which
consist of atypical particulate composite, are given. Finally, we present numerical resultsfrom
aparticular composite material and its behaviour is discussed and explained. More precisaly,
the influence of elastic properties and size of “interphase” between the core (inclusion) and
the exterior material (matrix) to scattering cross section is examined.

2. Statement of the problem

Assume a plane harmonic wave propagating in an infinite homogeneous isotropic elastic
medium with Lamé constants A1, 41 and mass density ;. Inside this medium we consider a
finite body, the scatterer with Lamé constants Ao, 11> and mass density o». We assume that the
boundary of the scattererisasmooth surface, say S;. Let S, bethe smooth boundary of another
such body, the core, lying entirely within the scatterer S7. We call V3 the region exterior to
S1, V> theregion between S7 and S, and V3 the region interior to S5, filled by amedium with
Lamé constants A3, 3 and mass density o3. The space V5 is called the “interphase” of the
scatterer and Sy, S, that is, the surfaces between the two layers, are the “interfaces”’.

We consider alongitudinal or atransverse incident plane wave, which, if we suppress the
harmonic time dependence, takes the form

. k exp(ik,k - )
m — 1
) (r) { E)exp(stlk ’ r) ( )

wherek is the propagation unit vector, b is the polarization unit vector, b - k = 0, and k,,, and
ks, arethe wavenumbers of the P and S wave, respectively, in V1.

Thedisplacement field v(r) in the elastic medium, upon suppression of thetime dependence
exp{ —iwt}, satisfies the time-reduced Navier equation of dynamic elasticity

A*V + w?v = 0, %)
where
A* = EA+[cg - EVVY., &=plo, ch=X+2u/0 ©)

and )\,  arethe Lamé constants of the medium, p isthe massdensity, wistheangular frequency
and ¢, and ¢, are the phase velocities of the shear and compressional wave respectively. In
(2) it has been assumed that there are no body forces.

We assume that & (r) is the displacement field outside S1, &2 (r) is the displacement
field between S; nd S, and &) (r) the corresponding displacement field in the space V3. The
field () (r) is the superposition of the incident field u™(r) and the scattered field u(r), that
is,

@O (r) = u™(r) + u(r). (4)
The displacement fields &) (r), j = 1,2, 3 satisfy Equation (2). The scattered field u(r)
satisfies the radiation conditions due to Kupradze [1]

our(ry . _
5 — ikp,U (r)} =0,

lim uP(r)=0, Ilim r{
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, spy , ow(r) . .
Tkinoou (r) =0, Tkinoor{ o iks,u (r)} =0, (5)
uniformly over all directions. The vectors u”(r) and u®(r) are the longitudinal and the trans-
verse components of the scattered field, respectively.

The boundary conditions on the boundaries S; and S, are

) (1) = @k+D) (1) ,

TEGE) (1) = Th+D) g (k1) (1) rresSy, k=12 ©6)
where

T = 20 -V + My V- ) XV, j=1,2,3 ™

is the surface-stress operator and 7 is the unit normal on surfaces with direction from V; 1 to
Vi,j =12

The scattering problem consists in finding the fields @) (r); = 1,2, 3 which satisfy
Equation (2), and the boundary conditions given by Equations (6), while the scattered field
outside S1 must satisfy radiation conditions given by (5).

In order to have the integral formulation of the problem, we will follow the <direct
method>> using Betti’s formulae, as in [6]. The integral representation for the exterior total
fieldis

1 2 2 _
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dror = 2
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where T (r, r') is the fundamental dyadic solutionin V3 [4].
By using asymptotic analysis as described in [4] we may transform the integral represen-
tation (8), for large r, asfollows:

T (r) — U = g, (F, k)P h(kyr) + go(F, K)OR(ksr) + g4(F, k) Ph(ksr) + O (T—lz> , (9

where f, 8, ¢ are the unit vectors of a spherical coordinate system having its origin interior
to the scatterer. Further, h(z) = exp(iz)/iz is the zeroth order spherical Hankel function of
the first kind and g, g9, g4 are the radial and tangential scattering amplitudes given by the
relations
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gr(F.k) = - {kﬁ (1 - —2) (gt - )
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The inner double product is defined as (a® b) : (c® d) = (a- d)(b - ¢). The quantitiesin
(10)—«12) are given by the relations

AW - 1 / TH(r) @ n' exp(—ikn,f - ') dS(r'), (13
Amor Js,_y

qth) = % &) (r") exp(—ikn,f - ') dV (1), (14)
4mo1 Jv,
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wherein (13)—«15) T isp or s.
In [4] it has been proved, that the scattering cross section o corresponding to an incident
P waveisgiven by therelation

= by [, {Rl0n P+ 200 6, KO 196, K 00, (19)

where the integration is taken over the unit sphere. Substituting in (16) the relations for the
scattering amplitudes given by the Equations (10)—(12), we obtain the scattering cross section
for P-incidence.

The scattering cross section for S-incidence is written as o and is given by a formula
similar to that of the P-incidence, where all the quantities are evaluated for the case of
S-incidence.

3. Theproblem in the low-frequency region

The displacement fields &) (r), 7 = 1, 2, 3 considered as functions of the wave number k
or k, are analytic in a neighborhood of zero [5]. Consequently, they can be expanded in a
convergent power series of the wave number £ or k,. So, we have

. > ) . i ) n .
ey =% %qsg)(r) -3 (”f'l) (), rev, j=123, (17)
n=0 ) n=0 )

where k1 = k,, isthe wavenumber of the transverse wave in the space V; and

2_ T _ M 90 18
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Substituting (17) in (2), we conclude that the low-frequency coefficients (/) (r) satisfy the
equations
2ASD(r) + (1 2)VV - 3P (1) —n(n — 1)g;8Y,(1) =0, n=0,1,2,..., (19)

n

where

2

Pj
Note that for n = 0, 1 the last term on the left-hand side of (19) vanishes.
The boundary conditions are transformed in the low-frequency region into the boundary
conditions
a1 (1) = B (),

n n

"e Sy, k=12 01

We derive the integral representations of sﬁgj ) by substituting in (8) the low-frequency expan-
sionsof all the quantitiesthat appear in it and equating the equal powersof k. So, weconclude
that
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(n=0,1,..., k=12 j=1223), 22)
where
k,  for P-incidence
@ =93 b for S-incidence (23)
1
1/ i A+ 2u; :
L=z (2t M) 103 24
’ 3(#;’ Mt2u) (24)

and 7, is the n-th term of the expansion of the fundamental solution T (r,r’) at low
frequency given by the relation [4]

¥ —r'|n1 n+2 _ N n+2 . .
él)(r,r’)=w{<1+7171>1+(n_1)q 1(r—r)ye(r I’)}

et n+2 n+2 Ir—r'|?

(25)
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In order to derive the low-frequency expansion for the scattering amplitudes, we will insert in
(10)—«12) the Rayleigh expansions of all the quantities which appear in them. So, taking into
account the low-frequency approximations of the scattering amplitudes, we can use (16) in
order to evaluate the leading-term approximation for the scattering cross-section. So, we have

For P-incidence
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iy = / 2 (r') @ A" dS(r), 27)
As= [ P ds(r'), (28)

S2

and o, a3 are the vector invariants of Ay, Az respectively. Similarly, we can obtain the
leading-term approximation for the S-incidence.
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4. Scattering by a penetrable spherical scatterer with a concentric spherical
penetrablecore

Consider aspherical scatterer of radiusb, centered at the origin of the coordinate system, which
contains a concentric spherical inclusion of radius a. Aswe have already seen, the scattering
problem, using low-frequency techniques, is reduced to a sequence of problems governed by
(19) and satisfying the boundary conditions given by (21). In order to solve these problems
we can exploit the fact that the integral representation for the nth-order coefficient given by
(22), provides a particular solution of the nonhomogeneous equation (19). So, we only need
to solve the corresponding homogeneous equation. Introducing the Papkovich potentials we
can evaluate the solution of the above problem. The details of this method can be found
in [6]. Based on this method, after long and tedious manipulations, we have the following
representations for the displacement fields:

For the zeroth order approximation:

8, (1) = 85 (1) = 85" = 2, (29)
For the first order approximation:
. . . r 2 . a 3 ) a 5 .
20 = |+ (5) 408 () +4 (7) ] (8 -K)r
ro Ny 2 . a 3 ) a\® .
@ df (5) 400 (2) + A (2) | @ek-r
- ' ) r 2 . a 3 . a 5]
s ad (5) 4o (2) +2 (2) | kean-r
r ) ) 2 . 3 5 R
+ [s) -l-q(J) (2) +p(9) <g) + ) <g (a1 ®K) : (Ff)r,
for j =1,2,3, (30)

where al the coefficients which appear in (30) are given in Appendix A.

5. An application to atypical particulated composite material

Inwhat followswewill usetheresultsgiven by Equation (30) in order to eval uatethefirst-order
low-frequency approximations of the displacement fields for atypical particulated composite
material. We assumethat V1 (matrix) isfilled with Epoxy (E1 = 5.033 GPa, 11 = 1.798 GPa,
vy = 0.4, o1 = 1261 kg/m?) and V3 (inclusion) with Glass (E3 = 68.9 GPa, i3 = 28.01 GPa,
v3 = 0.23, p3 = 2620 kg/m3) where E1, F3 are the Young's moduli, 11, 13 the shear moduli
and v, v3 the Poisson ratios of the materials.

Theinterphaseisamaterial with suitable propertiesin order to match the actual behaviour
of the two main phases of the composite (matrix-inclusion) (E, = 48.173 GPa, u, = 17.45
GPa, v = 0.38, o, = 1387 kg/m®). We also assume that the ratio of the radii isb/a = 1.2.

The first approximation of the displacement fieldsis

(1) 2\ .k @)’ K + k
&1 (r) = 0.5675 <;> (a-k)r —0.1815 <;> [ ok+kea-r
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At thispoi ntit should be noted that theinterphasial coefficientsof order O(r3), i.e. qfq,z, q,g 21, q(() )
and ¢® of (30) have a special behavior as the ratio b/a runs from 1 to large values. This
behavior is apparent in Figure 2 where the coefficients qﬁl,z = q,(C Z, ((J ) and ¢ of the above-
mentioned particulate composite are presented as a function of the ratio b/a. In this figure
one can seethat for large values of b/a(b/a > 3) the terms of order O(r3) become very small
and appear to have a behavior similar to those corresponding to the value b/a = 1 (particle
without interphase). Furthermore the four coefficients have a maximum at the same point
b/a = 1.2. As an explanation for this behavior of the solution d5(13) (r), we can say that the
two interfaces S1 and S5, because of the displacement and stress continuity, cannot easily
cooperate when the space between them is very thin, especially for a critical value of b/a.

Thus, in this case terms of order O(r3) appear at the displacement field d5(13) (r), inorder <to
help>> the material componentsto satisfy the boundary conditions on the surfaces S1 and S».
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Figure 2. Effect of the interphase thickness on the interphasial coefficients of order O(r®) for a spherical particle
composite material with material properties u1 = 1.798 GPa, v1 = 0.4, 01 = 1261 kg/m® for the matrix,

p2 = 17.45 GPa, v, = 0.38, o, = 1378 kglm3 for the interphase and us = 28.01 GPa, v3 = 0.23, o3 = 2620
kg/m? for theinclusion.

6. Thebehavior of the leading term of scattering cross sectionsin low frequencies

Asit is proposed in [8,9] a knowledge of the leading-term of the scattering cross section is
needed in order to find the dynamical properties of the composite.
From (26) the following formulae for the scattering cross sections hold

o? = PV} + O(KY), (34)
of =3 VZk] + O(KS). (35)

In the sequel the dependence of the reduced leading terms 67, 5° on the relative elastic
properties of the composite is examined for two special cases. First, for the spherical particle
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Figure 3. Effect of the interphase/matrix shear moduli ratio p2/ 11, on the reduced energy scattering cross sections
a?,a° for aspherical particle composite material with material properties u1, ps, v1, v2, 01, 02 and g3 asreferenced
inFigure 2, for (i) b/a = 1.2 and (ii) b/a = 2.0.

composite material which is presented in the previous paragraph, the variation of &7, 5%,
for b/a = 1.2 and b/a = 2.0 is presented in Figures 3(i) and 3(ii), respectively, as the
interphase matrix shear-moduli ratio /1 takes values from 1 to 15. We can observe the
strong dependence of 6° on b/a and on 2/ 1, Whereas P remains unaffected by an increase
of up/u1 above a certain value. Thisis due to the fact that 112/p1 expresses the ratio of the
shear moduli and, consequently, is directly related to S-incidence.

The thickness of the interphase has a major effect on both 7 and &°. It extends the
impact of pp/pu1 on o and o° over a larger area. The coupling “role” of the interphase
is confirmed. The relative properties of the above composite material assume the values
[1,3/,[1,1 = 156, Qg/,(_)]_ = 2.077, Qz/gl =11

Finally, the special case of a composite material with identical matrix inclusion and an
interphasewith the same Poisson ratio and density to the above, but different shear modulus, is
considered. The dependenceof a” and 6° on p2/pg forb/a = 1.2 and b/a = 2.01is presented
in Figures 4(i) and 4(ii), respectively.
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Figure 4. Effect of the interphase/matrix shear-moduli ratio 2/ p1, on the reduced energy scattering cross sections
a?,a° for a spherical particle composite material with g1 = ps, 1 = v2 = vz, and o1 = 92 = 3 for (i)
b/a =1.2.and (b) b/a = 2.0.

Thetrend of the curvesisidentical for b/a = 1.2 and b/a = 2.0 owing to the similarity of
the matrix and inclusion. The effect of the interphase thicknessis strong, as can be confirmed
by the augmentation by two orders of magnitude of 67 and & when b/a increases from 1.2
to 2.0. In addition, the dependence of &” and o° on p/ 1 1S very pronounced.

7. Discussion

The major line of applications of the present work belongs to the science of the particulate
composite materials. A typical particulate composite material is usualy a homogeneous
isotropic elastic medium (matrix), containing elastic particles (inclusions) surrounded by an
elastic interphase dueto the imperfect adhesion between matrix and particles. A mathematical
problem which has a considerable engineering importance in this area is the evaluation of the
dynamic properties of a particulate composite. Almost all the works that have appeared in
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the literature for this purpose are based on the same method. This method, consistsin solving
first the scattering problem in a microscopic level (matrix-inclusion) and, from relations of
conservation of energy, the macroscopic dynamic properties of the composite are eval uated.
The same method has been followed in [8,9] where the macroscopic dynamic properties of
the composite have been evaluated through the low-frequency leading term of the scattering
cross section which gives a measure of the total energy scattered by the particles. So, the
solution of the examined scattering problem in thiswork can be exploited in order to evaluate
the dynamic elastic moduli of a composite at a macroscopic level.
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